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A method of optimal control problem solutions based on a new concept of pseudocontrol sets is presented. This

approach combines large-scale linear programming algorithmswith the well-known discretization of the continuous

system dynamics on small segments and uses discrete pseudocontrol sets, which are considered independently for

each segment. Every set is expressed as a mesh approximation of an admissible control space. The method is

associated with significant increases in the number of decision variables and requires introducing artificial variables

or pseudovariables. Terminal conditions are presented as a linear matrix equation. An extension of the matrix

equation for the sums of the pseudocontrols is used to transform the problem into a linear programming form.

Interior-point inequality constraints are represented as a linear matrix inequality. The resulting linear

programming form is characterized by matrices that are very large and sparse. The number of decision variables is

on the order of tens of thousands. In modern linear programming, there are effective interior-point algorithms to

solve suchproblems.Aminimumpath-planning problemwithnonlinear constraints, reentry trajectory optimization

withmaximum cross range, andmaximum-radius orbit transfer are considered as application examples. The results

of the last example are almost coincident with known solutions using other methods.

Nomenclature

A = matrix for inequality constraints, Eq. (17)
Ae = matrix for equality constraints, Eq. (15a)
a = semimajor axis
ao = initial thrust acceleration
b = function of constraints
b = vector of inequality constraints, Eq. (17)
CL, CD = lift and drag aerodynamic coefficients, Eq. (33)
D = drag acceleration
E = specific energy, Eq. (31)
F = boundary condition function (2)
f = state function (1)
h = altitude
he = energy integral
i = segment number
J = performance index, Eq. (23)
j = index of pseudocontrol vector
k = quantity of pseudocontrol vectors at each segment
L = lift acceleration
LML = mean longitude
m = number of boundary conditions
mo = initial mass
ms = spacecraft mass
_m = mass flow rate
n = quantity of segments
O = zero string
Pf = vector of boundary conditions, Eq. (2)

p = orbit parameter
p1, p2 = elements of eccentricity vector, Eq. (43)
r = magnitude of radius vector
re = Earth’s radius
rx, ry = coordinates
S = function of interior-point inequality constraint,

Eq. (4)
Sm = reference area

s�j�i = element of matrix A
T = thrust magnitude
t = time
q = weight vector, Eq. (21)
q�j�i = weight coefficients, Eq. (21)
U = scalar control
U = control vector
u = radial velocity, Eq. (39)
V = magnitude of vehicle velocity
v = tangential velocity
X = vector of decision variables, Eq. (10)
x�j�i = decision variable
Y = state vector
� = angle of attack
�E = change of specific energy on ith segment
�rx = change of rx on ith segment
�ti = duration of ith segment
� = flight-path angle
� = angular displacement, Eq. (39)
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� = latitude
� = gravitational parameter for the Earth or the sun
�U = coefficient for control refinement, Eq. (38)
� = number of segments with inequality constraints
� = dimension of control space
� = atmospheric density
� = bank angle
� = forbidden area
	 = angle of thrust direction
’ = longitude
� = heading angle
� = admissible subspace for control vector
!
 = argument of perigee

I. Introduction

O PTIMAL control methods have been mainly of two types:
indirect and direct techniques or their combinations [1]. The

indirect methods solve the classical optimal control problem by
obtaining the solution to the corresponding two-point boundary-
value problem based on the Pontryagin maximum principle [2]. The
boundary-value problem can be solved numerically, although it
becomes a very difficult task for realistic problems since, in the
general case, a good initial guess for unknown initial costate
variables is usually not available. The direct methods discretize the
original problem, transforming it into a parameter optimization
problem, which is then solved using, as a rule, nonlinear
programming methods [1]. The methods are attractive because
explicit consideration of the necessary optimal conditions (adjoint
equations and transversality conditions) are not required. A general
review of the methods for space trajectory optimization is presented
by Betts [3].

Linear programming [4] represents one of the well-known
optimization methods successfully used to solve many complex
application problems in engineering, economics, and operations
research. Linear programming for linear optimal control problems is
proposed by Dantzig [5]. For this case, the control can be found
as a linear combination from a set of feasible control vectors that
satisfy the boundary conditions. An explicit application of linear
programming for spacecraft trajectory optimization is difficult even
for linear motion models. As a rule, it is related to the nonlinearity of
the performance index, which is usually the total characteristic
velocity. Ulybyshev and Sokolov [6] have developed a method for
optimization of many-revolution low-thrust maneuvers in the
vicinity of the geostationary orbit. The state variables are longitude,
longitude drift rate, and eccentricity. The proposed mathematical
model introduces pseudomaneuvers with either positive or negative
transverse directions of the thrust vector for every trajectory segment
(half a revolution) and transforms the performance index to a linear
form. This makes it possible to state the problem in terms of classical
linear programming with a number of decision variables equal to
quadruple the number of revolutions in the orbit transfer. In a sense,
similar techniques with an extension of control variables and
performance index linearization is applied to control allocation [7,8]
and to on–off minimum-time control [9,10]. The majority of the
methods use the well-known simplex method with the total number
of decision variables on the order of tens or hundreds. The mixed-
integer linear programming approach with trajectory discretization
is proposed for spacecraft trajectory planning with avoidance
constraints [11]. The spacecraft are in close proximity and a
linearized model of relative motion is used. The constraints can be
transformed into a mixed-integer form by introducing binary
variables. A set of binary variables (0 or 1) are added to the problem
for each pair of vehicles at each time step.

In the 1990s, linear programming underwent a revolution with the
development of polynomial-time algorithms known as interior-point
methods [12–14]. The search directions for these methods strike out
into the interior of the polytope rather than skirting around the
boundaries, as do the well-known simplex methods. Many studies
now show that for large linear problems, the interior-point methods
do better than classical simplex methods. Furthermore, unlike

simplex-based algorithms that have difficulty with degenerate
problems, interior-point methods are immune to degeneracy [15]. A
general case of the optimal control problem can be considered using
the interior-point algorithms.

The proposed method is based on two principles. The first one is a
well-known discretization of the time or other independent variable,
in the general case, on nonuniform segments. The key idea of the
second one is based on a small-width grid approximation of the
control space by a set of pseudocontrol vectors with an equality
constraint for each segment. Similar methods using discrete sets of
pseudoimpulses were developed by the author for spacecraft
trajectory optimization [16–18]: maintenance of a 24-h elliptical
orbit, coplanar and noncoplanar orbit transfers, various rendezvous
trajectories for near-circular orbits (with high, medium, and low
thrust), three-dimensional launch trajectory from themoon surface to
a circumlunar orbit with constraints, optimization of lunar landing
trajectories with safety descent profile, thrust level, and attitude
constraints. These examples differ essentially from a general form of
the optimal control problem since the control (i.e., spacecraft
maneuvers) is usually present only on some parts of the spacecraft
trajectory. By contrast, the general case of optimal control requires a
continuous control. Such problems are considered in the paper. The
contribution of the paper is an extension to the concept of discrete
pseudoimpulse sets for the solution of amore general optimal control
problem and demonstration that the proposed concept of
pseudocontrol sets, in spite of a high order, is a good candidate to
solve optimal control problems.

II. Optimal Control Problem

A. Problem Formulation

We consider optimal control problems, where the initial time t0
and final time tf are specified. A general optimal control problem can
be formulated as follows. Find an admissible optimal control vector
U�t� 2 � � R�, such that the dynamic system described by the
differential equation

dY

dt
� f�Y;U; t� (1)

is transferred from an initial state Y�t0� into a final state Y�tf�,
satisfying a terminal constraint

F �Y;U; tf� � Pf (2)

such that the performance index

J�
Z
tf

t0

q�Y;U; t� dt (3)

is minimized. Here, F is an m-dimensional vector function of the
state vector at the final time and Pf is an m-dimensional specified
vector of the terminal conditions.

Remark 1: An arbitrary monotonically changing variable can be
used as the independent variable instead of time. A final value of the
variable is specified.

Remark 2: Optimal control problems are often required to satisfy
not only terminal conditions but also some specific constraints for
interior points in the form of an inequality,

S�Y; t� � b�t� � 0 for t0 � tb � t � te � tf (4)

where b�t� is a specified function, and tb and te are the beginning and
end times for a trajectory.

B. Trajectory Discretization

Introduce a set of segments as the partition �t0; t1; t2; . . . ; tn�, with
t0 � 0 and tn � tf, and t0 < t1 < t2 	 	 	 < tn, and let �ti � ti
1 � ti
be a small time interval for i� 1; 2; . . . ; n. The mesh points ti are
referred to as nodes, the intervals �ti � �ti
1; ti� are referred to as
trajectory segments. In the general case, the segments can be
nonuniform. Suppose that approximate values of the state vectors at
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the nodes Y�ti� are known, then for a constant control at each
segment, we can write

Pf � F�Y0;U0; 0� 

Xi�n
i�1

�F�Yi;Ui; ti;�ti� � F0



Xi�n
i�1

@F�Yi;Ui; ti�
@t

	�ti (5)

whereF�Y0;U0; 0� is the terminal function (2) at the initial point,�F
is a possible change on ith segment, and @F=@t is a partial derivative.
Note that the segment duration �ti may be defined in an implicit
form.

III. Linear Programming Form

A. Discrete Approximation of Control Space

The simplest case of the continuous control is a scalar function.We
consider an ith segment independent of all the other segments.
Suppose that there is an optimal value UiOPT 2 � � �umin; umax� for
the segment. Then,

@J

@U

����
t�ti;u�uiopt

� 0 (6)

and the performance index in a neighborhood of the optimal value
varies with the square of a control change from the optimal value
(see Fig. 1). We will address the very significant increases in the
number of decision variables by introducing artificial variables or
pseudovariables. For each segment, the possible values of the
function can be present as a discrete set of pseudocontrols

U�j�i 2 � � �Umin; Umax�, where j� 1; k is an index.
We can replace the optimal value by an approximating sum,

UiOPT �
Xj�k
j�1

x�j�i 	 U
�j�
i (7)

where

Xj�k
j�1

x�j�i � 1 (8)

0 � x�j�i � 1 (9)

where x�j�i is a decision variable.
It is evident that the optimal approximation of UiOPT by the

pseudocontrols is a sum of the two nearest-neighbor pseudocontrol

values x�j�i U
�j�
i � UiOPT � x

�j
1�
i U�j
1�i . In a particular case, it can be

one of the nearest-neighbor pseudocontrol values.
In a similar way, we consider a multidimensional case of the

control. For each segment, a set of pseudocontrol vectors can be
constructed using a multidimensional mesh (see Fig. 2). Similar to
the scalar case, the sums of the pseudocontrol vectors should be

constrained by Eqs. (8) and (9). The best approximation of the vector
UiOPT is also a sum of nearest-neighbor pseudocontrol vectors or one
nearest-neighbor pseudocontrol vector.

It should be noted that each segment can use distinct control areas
Ui 2 �i and corresponding meshes for pseudocontrol vectors.

B. Transformation into Linear Programming Form

Define a (n � k)-dimensional vector of the decision variables:

X T � �x�1�1 ; x
�2�
1 ; . . . x

�k�
1 ; x

�1�
2 ; x

�2�
2 ; . . . x

�k�
2 ; . . . x

�k�
n � (10)

For the vector, according to the previous statements, the following
linear matrix equality can be written:

A 
eX� Pd (11)

where A
e is an n�n � k�-dimensional matrix of the following form
(all of the unspecified elements equal to zero):

A 
e �

111 	 	 	 1|���{z���}
k

111 	 	 	 1|���{z���}
k

	 	 	
111 	 	 	 1|���{z���}

k

2
666664

3
777775

|�����������������������������������{z�����������������������������������}
n�k

9>>>>>>>>=
>>>>>>>>;
n (12)

and an n-dimensional vector

P T
d � � 1; 1; 1 	 	 	 1; 1 � (13)

Equation (5) for terminal conditions can be presented as

�Pf � Pf � F�Y0;U0; 0� �
Xi�n
i�1

Xj�k
j�1

x�j�i �F�Yi;U
�j�
i ; ti;�ti�

�
Xi�n
i�1

Xj�k
j�1

x�j�i
@F�Yi;U

�j�
i ; ti�

@t
	�ti (14)

where U�j�i is pseudocontrol vector. Now, one can combine Eqs. (5)
and (11) to write

AeX� P (15a)

where PT � �PTd ;�PTf � and Ae is a �n
m� � �n � k�-dimensional

matrix:

Fig. 1 Set of pseudocontrols for a segment. Fig. 2 Set of pseudocontrols for two-dimensional control vector.
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A e �
A
e

@F�Y1;U
�1�
1
;t1�

@t
	�t1

@F�Y1 ;U
�2�
1
;t1�

@t
	�t1 	 	 	

@F�Yi ;U�j�i ;ti�
@t

	�ti 	 	 	 @F�Yn;U�k�n ;tn�
@t

	�tn

" #
(15b)

Each interior-points constraint [Eq. (4)] can be presented as a
number of inequality constraints. The number of � is equal to the
quantity of the segments inside the interval of t0 � tb � t � te � tf.
Each inequality can be written as

Sl � S�Y0;U0; 0� 

Xi�l
i�1

Xk
j�1

x�j�i �S�Yi;U
�j�
i ; ti;�ti� � S0



Xi�l
i�1

Xk
j�1

x�j�i
@S�Yi;U

�j�
i ; ti�

@t
	�ti � b�ti�; l� 1; � (16)

or for the inequalities in matrix form,

AX � b (17)

where

b T � �b�t1� � S�Y0;U0; 0�; b�t2� � S�Y0;U0; 0�; 	 	 	 b�tn� � S�Y0;U0; 0� � (18)

A �

s�1�1 . . . s�k�1|����������{z����������}
k

	 	 	
s�1�� . . . s�k��|����������{z����������}

k
Ok Ok . . . Ok

s�1�2 . . . s�k�2|����������{z����������}
k

	 	 	
s�1�� . . . s�k��|����������{z����������}

k

s�1��
1 . . . s�k��
1|������������{z������������}
k

Ok 	 	 	 Ok

	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	
s�1�1 . . . s�k�1�|����������{z����������}

k
	 	 	

s�1�� . . . s�k��|����������{z����������}
k

s�1��
1 . . . s�k��
1|������������{z������������}
k

	 	 	
s�1��
� . . . s�k��
�|������������{z������������}

k
Okx�n�����

2
6666666664

3
7777777775

(19)

where O is a zero string and

s�j�i �
@S�Yi;U

�j�
i ; ti�

@t
	�ti (20)

Note that interior-point equality constraints and other type
constraints can be expressed in a similar way as a linear matrix
equality and/or inequality. Some details are described in [18].

Introduce a �n � k�-dimensional vector of weight coefficients as

q T � �q�1�1 ; q
�2�
1 ; . . . ; q

�k�
1 ; . . . ; q

�j�
i ; . . . ; q

�k�1�
n ; q�k�n � (21)

where

q�j�i � q�Yi;U
�j�
i ; ti� (22)

Then, the performance index [Eq. (3)] can be written as

J�min�qT 	X� (23)

As the final result, we have a classical linear programming
problem with constraints of a linear matrix equality and two
inequalities given by Eqs. (9), (14), and (17), respectively.

C. Computational and Qualitative Aspects of the Proposed Methods

The proposed linear programming form is a large-scale problem.
As an example, for a trajectory with 100 segments and 1000
pseudocontrol vectors at each segment, the number of decision
variables is 100,000. For m� 2, the matrix Ae dimension is
�1000
 2� � 100; 000. But it is a sparse matrix with a very low
number of nonzero elements (�0:1%). Modern scientific software,
such as MATLAB® [19], contains effective algorithms for sparse
matrix computations, including large-scale linear programming
algorithms. A typical solution process requires less than 1–3 min of
computation time using a Pentium IV processor.

The segments in the linear programming form are formally
considered independent of each other. Therefore, an additional
postprocessing and validation are required for the linear
programming solutions. It is necessary to find all of the nonzero
decision variables (i.e., more than a tolerance of�10�3–10�5) for the
segments. For a scalar control function, no more than two
pseudocontrols can be presented at each segment. The two
pseudocontrols should be adjacent, and the optimal value is

UiOPT � x�j�i 	 U
�j�
i 
 x

�j
1�
i 	 U�j
1�i . A simple example of such

postprocessing algorithm is given in Appendix A. For a
multidimensional case and several nonzero decision variables
belonging to a segment, the optimal control vector should be
computed from the sum of the corresponding pseudocontrols
vectors. The vectors must be nearest-neighbor pseudocontrol vectors
to the optimal value. Figure 3 is a schematic illustration of this
process. But experience shows that for a small-width grid
approximation of the control space, almost all of the linear
programming solutions have only one pseudocontrol vector at each
segment. The presence of two or more pseudocontrol vectors for a
segment is rare.

There are some important points about the mathematical
implementation of the problem. For the linear control problems, the
partial derivatives in Eq. (14) are known. For nonlinear control
problems, the partial derivatives are usually not known a priori. For
this case, we can use an iterative technique with a refinement of the
partial derivatives at each iteration. For thefirst iteration,we define an
initial guess for the system motion. Based on the first linear
programming solution, the derivatives are refined for the second
iteration, etc., to obtain an accessible solution. Contrary to the linear
programming method, the optimal control techniques based on an
iterative solution of a two-point boundary-value problem for the state
and adjoint variables are difficult to apply. The main difficulty with
these methods is getting started (i.e., finding a first estimation of the
unspecified conditions for the state and adjoint variables [1]).
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Moreover, the adjoint variables do not have a physicalmeaning; thus,
it can be difficult to find a reasonable initial guess for them.
Generally, that search for an initial guess for the state variables (i.e.,
for a trajectory) is a simpler problem than the similar problem for the
adjoint variables. An application possibility of the presented method
for nonlinear problems needs to be studied, but there are some
examples of nonlinear solutions for optimal spacecraft trajectories
[16]. Examples of a nonlinear optimal control problem will be
considered below.

Since the segments are formally considered independent of each
other, there is a major restriction for the method application. The
relation between the decision variables and the partial derivatives
should be in an explicit form. As an example, suppose that there is a
terminal constraint for a coordinate but there is an explicit control
dependence only for the second derivative of the coordinate. For this
case, the Taylor series can be used (see example B in the next
section).

The interior-pointmethods are not only highly efficient algorithms
for large-scale linear programming, but they are immune to
degeneracy [15]. Therefore, the absence of a solution means, most
likely, that the problem formulation with terminal conditions and
constraints is degenerate.

By contrast with most traditional direct methods using nonlinear
programming [20], the proposed technique has some attractive
properties. The nonlinear programming methods have difficulties
with the presence of discontinuous behavior since they assume
that the objective and constraint functions are continuous and
differentiable [20]. A similar statement is true for a bang–bang
control. The proposed technique does not require continuity of the
state variables and/or control (see example B in the next section).
Another attractive property of the proposed technique is the explicit
form for the interior-point equality and inequality constraints.
Examples are given in the next section (example A), and in [17,18].
For nonlinear programming methods, there are great difficulties
related with inequality constraints that can be active or inactive at
each instant in time (i.e., the time domain is partitioned into
constrained and unconstrained subarcs). The number of constrained
subarcs present in the optimal solution is not known a priori, and the

location of the junction points when the transition from constrained
to unconstrained (and vice versa) occurs is unknown [20].

IV. Application Examples

A. Minimum Path Planning with Nonlinear Constraints

Planar motion of a vehicle with constant velocity can be
presented as (

drx
dt
� V cos���t��

dry
dt
� V sin���t��

(24)

where rx and ry are the coordinates, V is the velocity, and��t� is the
control variable (flight-path angle).

Consider the following optimal control problem: find the
minimum path or minimum-time trajectory from an initial point
�rx0; ry0� to a terminal point �rxf; ryf� with constraints on the
trajectory �rx�t�; ry�t�� =2 �, where � is a forbidden area (in the
general case, it is a multiconnected nonconvex area). Suppose that
either of two coordinates is a monotonic variable for the trajectory.
Undoubtedly, this assumption is applicable to a part of the path-
planning problems but it makes possible a transformation of the
problem into the linear programming form. Let rx be the monotonic
or independent variable. Then, we can rewrite Eq. (24) as

dry
drx
� tan���rx�� (25)

The performance index is

J�
Z
rxf

rx0

1

V cos���rx��
drx (26)

We assume that the trajectory discretized into n segments with k

pseudocontrols�
�j�
i in each segment. Then, for the partial derivatives

[Eq. (14)] and performance index elements [Eq. (22)], we can write

Fig. 3 Postprocessing of the linear programming solutions.

Fig. 4 Trajectory for example 1.

Fig. 5 Trajectory for example 2.
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�F�j�i ��rx tan���j�i � (27)

q�j�i �
�rx

V cos���j�i �
(28)

where �rx is a discretization step. The forbidden area � can be
presented as inequalities (17) for the second coordinate ryi at the
corresponding segments.

As examples, we consider two trajectories from �rx0; ry0� � �0; 0�
to �rxf; ryf� � �20; 10� with constraints, which are shown in Figs. 4
and 5. The constraints can be expressed in the following
mathematical form:

S� ry � bry�rx� � 0 (29)

for an upper bound and

S��ry 
 bry�rx� � 0 (30)

for a lower bound.
The optimal trajectories are also depicted in the figures. The

control variables histories are presented in Fig. 6. The results are
given for 101 uniformly distributed segments with �rx � 0:2 and

176 uniformly distributed pseudocontrols with ����
�j
1�
i �

�
�j�
i � 1� . For the trajectories, there are two arc types. The first is a

straight line and the second is a tracking of forbidden area
boundaries.

B. Reentry Trajectory Optimization with Maximum Cross Range

For reentry trajectories of an unpowered spacecraft, energy is a
more appropriate independent variable than time [21]. The specific
energy E is given by

E� 1

2
V2 � ���=r� � ��=re�� (31)

where r is the distance from the center of the Earth, V is the velocity
magnitude,� is the gravitational parameter for the Earth, and re is the
Earth’s radius. Using _E��VD and denoting d���=dE as ���0, the
motion equations [21] for a nonrotating spherical Earth can be
written as 8>>>>>>>>>>><

>>>>>>>>>>>:

r0 � � sin�=D

’0 � � cos� cos�
Dr cos�

�0 � � cos� sin�
Dr

V 0 � D
g sin�
DV

�0 � � fL cos ���g��V2=r�� cos�g
DV2

�0 � � 1
DV2

�
L sin �
cos�
� V2 cos� cos� tan�

r

�
(32)

where’ is the longitude,� is the latitude,� is theflight-path angle,�
is the heading angle, � is the bank angle, and

D� 1

2ms

��h�SmV2CD���; L� 1

2ms

��h�SmV2CL��� (33)

where ��h� is the atmospheric density as a function of altitude
(h� r � re), and CL��� and CD��� are the lift and drag coefficients
as functions of the angle of attack �.

The optimal control problem is as follows: to determine the control
vector UT�E� � ���E�; ��E��T that steers the vehicle on a feasible
trajectory passing through the final point with desired rf (or altitude)
with a maximum cross range.

The problem is nonlinear and the partial derivatives in Eqs. (15)
and (16) are unknown a priori. For this case, we can use an iterative
techniquewith a refinement of the partial derivatives at each iteration.
Suppose that there is an initial control law U�0��E� with the
corresponding reference trajectory. For the specific energy as
independent variable, we have specified values for their initial and
final values E0 and Ef , which are computed from Eq. (31). The
trajectory can be divided into n segments (between E0 and Ef with
�E� �E0 � Ef�=n). Each of them includes k pseudocontrol vectors

U�j�i . Thevelocities r0 and�0 are independent of the bank angle. Then,
the functions from Eqs. (15) and (16) can be computed along the
reference trajectory as parts of Taylor series:

�F�Yi;U
�j�
i ;�E� � r0�Yi; �

�j�
i ��E
 1

2
r00�Yi; �

�j�
i ; �

�j�
i ��E2 (34)

�S�Yi;U
�j�
i ;�E� � ���0�Yi; �

�j�
i ��E
 1

2
�00�Yi; �

�j�
i ; �

�j�
i ��E2�

(35)

where

r00�Yi;U
�j�
i � � �

cos��Yi� 	�0�Yi; �
�j�
i ; �

�j�
i �

D�Yi; �
�j�
i �

(36)

Fig. 6 Control histories. Fig. 7 Aerodynamic coefficients.
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�00�Yi;U
�j�
i � �

sin��Yi� 	 sin��Yi� 	�0�Yi; �
�j�
i ; �

�j�
i � � cos��Yi� 	 cos��Yi� 	�0�Yi; �

�j�
i ; �

�j�
i �

r�Yi� 	D�Yi; �
�j�
i �

� cos��Yi� 	 sin ’�Yi� 	 r0�Yi; �
�j�
i �

r�Yi�2 	D�Yi; �
�j�
i �

(37)

Based on the linear programming solution and postprocessing, we
compute a control lawU
�1��E�. The new control can be computed as a

combination of the law and control from the previous iteration:

U �1��E� � �UU
�1��E� 
 �1 � �U�U�0��E� (38)

where 0<�U � 1 is a coefficient. Further, we compute a new
trajectory passing through rf with a new value of the final energyEf
and, respectively, �E� �E0 � Ef�=n. The partial derivatives (15)
and (16) are refined for the second iteration, etc., to obtain an
acceptable solution. There arewell establishedmethods for detecting
whether an iterative process has converged. The most common way
to measure progress is to assign some merit function [20]. An
obvious merit function, which was used in this case, is J�U�E��. But
for the general case, the problem needs study. It should be noted that,
for �U � 1, the iterative process may be divergent if there is a
significant disagreement between the initial trajectory and trajectory
with refined control and, respectively, between the corresponding
partial derivatives. Experience shows that, for the reentry problem as
presented here, �U � 0:1 � 0:4 is more suitable.

As an example, we consider a low-lift vehicle with a mass of
ms � 10; 000 kg, a reference area of Sm � 10 m2, a maximum lift-
to-drag ratio ofK � CL=CD � 0:6, and the lift and drag coefficients
as shown in Fig. 7.

The initial state vector is

YT
0 � �r0 � 6438 km�h� 60 km�;’0 � 0;�0 � 0;V0

� 6:0 km=s; �0 ��0:25�; �0 � 0�T

The terminal condition is rf � 6396 km�h� 28 km�. The trajectory
is divided into n� 100 segments, each of them includes k� 1800

pseudocontrol vectors of U�j�i . The vectors are presented in a mesh
grid with (40 � 45) elements for angles of attack ��� 10 �
30�; ���� 0:5��� and bank angles �� � 30–75�; ��� � 1���.
Therefore, the number of decision variables is �100 � 1800�
�180; 000. For the initial reference trajectory, we use a constant
control law:�� 15� and � � 35�.

The optimization results for six iterations (�U � 0:2) are given in
Table 1 and Figs. 8–12 (initial reference trajectory: dashed line,
trajectories at iterations: thin solid lines, and optimal trajectory: bold
solid line). For the initial trajectory with constant control, the
performance index is JIN � 129:03 km, and for the optimal solution,
J� 165:43 km.

Figures 8 and 9 show the trajectories in the vertical and horizontal
planes (the longitudinal range is re’, and the cross range is re�). The
histories of the angle of attack and bank angle are shown in Figs. 10
and 11, respectively. The flight-path and heading angle histories are
depicted in Fig. 12. It is interesting to note that, for each iteration,
there are distinct values of the final time, energy, and velocity. For the
angle of attack, there is amonotonic iterative pattern, and for the bank
angle, there is an overshoot pattern. All of the segments in the linear

programming form are formally considered independent of each
other, but the linear programming solutions are formed from control
laws for which a high-frequency chattering is absent. In a sense, it is a
bang–bang control.

C. Comparison Example for Orbit Transfer Problem

As a comparison example with known solutions, we consider the
maximum-radius orbit transfer described on the classic text of
Bryson and Ho [1]. This problem is summarized in the text as
follows: “Given a constant thrust rocket engine,T � const, operating
for a given length of time, tf, we wish to find the thrust-direction
history, 	�t�, to transfer a rocket vehicle from a given circular orbit to
the largest possible circular orbit” (Fig. 13).

The equations of motion for the orbit transfer [1] are8>>><
>>>:

_r� u
_�� v=r
_u� v2

r
� �

r2

 T sin�	�

m0� _mt

_v�� uv
r

 T cos�	�

m0� _mt

(39)

where u and v are the radial and tangential velocities, � is the angular
displacement,mo is the initial mass, and _m is the mass flow rate. The
thrust angle is defined relative to the local horizontal direction at the
spacecraft’s position. The in-plane angle 	 is the scalar control law
for this problem.

In this example, the dimensionless time unit is
�����������
r30=�

p
, ro is the

astronomical unit, the gravitational constant is �� 1 (the sun’s

Table 1 Performance index at iterations

Iteration number Cross range, km

Initial guess 129.03
1 149.46
2 153.86
3 159.41
4 163.01
5 165.39
6 165.43

Fig. 8 Trajectory profile in vertical plane for each iteration.

Fig. 9 Trajectory profile in horizontal plane.
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gravitational constant is 132; 712; 441; 933 km3=s2, and the
astronomical unit is 149,597,870.7 km), and the initial dimensionless
mass is m0 � 1.

The initial conditions correspond to the spacecraft’s position and
velocity while in the Earth’s orbit:

r�0� � r0 � 1:0; ��0� � 0:0; u�0� � 0:0; v�0� � 1:0

(40)

and terminal boundary conditions are

�
u�tf� � 0

v�tf� �
����������������
�=r�tf�

p (41)

where tf � 193 days is the specified final time.
Then fuel flow rate _m is �0:07487, and the initial dimensionless

acceleration is given by

T=m0

�=r20
� 0:1405 (42)

For this problem, wewould like tomaximize the radius of the final
circular orbit. Therefore, the performance index is J��r�tf�. The
problem can be rewritten in terms of nonsingular elements
(eccentricity vector) [22]:

P1 � e sin�!
�; P2 � e cos�!
� (43)

where e is the orbit eccentricity and !
 is the argument of periapsis.
Then the terminal conditions [Eq. (41)] are

P1�tf� � 0; P2�tf� � 0 (44)

and the performance index is

J��a�tf� (45)

where a is the semimajor axis.
It should be noted that the problem is nonlinear and requires an

iterative solution (i.e., a sequence of linear programming solutions).
Suppose that there is a reference trajectory. The transfer problem
is discretized into n� 100 segments, with the discrete set of

pseudocontrols 	�j�i with a small angle of�	� 2
=k between them,
where (k� 360). Therefore, the number of decision variables is
�100 � 360� � 36; 000. For an ith segment and jth pseudocontrol,
the partial derivations [Eq. (14)] based on nonsingular form of the
variational equations [22] can be expressed as

Fig. 10 Angle of attack history for each iteration.

Fig. 11 Bank angle history for each iteration.

Fig. 12 Angles histories: a) flight-path angle and b) heading angle.

Fig. 13 Maximum-radius orbit transfer (reprinted with permission

from [1]).

Table 2 Performance index and terminal parameters at iterations

Method Iteration rf �f uf vf ef

Sequence of linear
programming
solutions

Initial 1.000 —— 0.000 1.000 0.00000

1 2.064 144.4 0.083 0.768 0.15102
2 1.506 145.0 0.012 0.788 0.02833
3 1.537 145.5 0.023 0.793 0.02690
4 1.474 145.0 �0:009 0.809 0.01768
5 1.508 146.3 �0:008 0.801 0.01583

Final (6) 1.511 148.6 0.007 0.808 0.00552
Indirect (two-point
boundary-value
problem [1])

Final 1.524 —— 0.000 0.810 ——

Direct (genetic
algorithm [23])

Final 1.512 149.5 0.008 0.802 ——
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@P1

@x�j�i
� ri
hei

�
�pi
ri
cosLMLi 	 sin�	�j�i � 


�
P1i


�
1
pi

ri

�
sinLMLi

�

	 cos�	�j�i �
	

a0
1��m 	 i�t;

@P2

@x�j�i
� ri
hei

�
pi
ri
sinLMLi 	 cos�	�j�i �



�
P2i


�
1
pi

ri

�
cosLMLi

�
	 sin�	�j�i �

	
a0

1��m 	 i�t (46)

where p is the orbit parameter, he is the energy integral, LML is the
mean longitude [22], �m is the mass change for each segment, and
�t� tf=n is the segment duration. The values of ri, hei, pi,P1i,P2i,
andLMLi can be computed along the reference trajectory. Theweight
coefficients for the performance index [Eq. (21)] are

q�j�i �
2a2i
hei

�
�P2i sinLMLi � P1i cosLMLi� sin�	�j�i � 


pi
ri
cos�	�j�i �

	
	 a0
1 ��m 	 i�t (47)

Then the matrix Ae for the linear matrix (15) can be presented as

A e �

111 	 	 	 1|���{z���}
k

111 	 	 	 1|���{z���}
k

	 	 	
111 	 	 	 1|���{z���}

k
@P1

@x
�1�
1

@P1

@x
�2�
1

	 	 	 	 	 	 @P1

@x
�k�
n

@P2

@x
�1�
1

@P2

@x
�2�
1

	 	 	 	 	 	 @P2

@x
�k�
n

2
666666666664

3
777777777775

(48)

and the (n
 2)-dimensional vector is

P T
d � � 1; 1; 1 	 	 	 1; 1; �P1 �P2 � (49)

where �P1 and �P2 are target values.
As the reference trajectory for computation of the partial

derivatives, we use the initial circular orbit of the Earth. Based on the
linear programming solution and postprocessing, we compute a new
reference trajectory using the variational equations for nonsingular
elements [22]. The partial derivatives [Eq. (46)] and weight
coefficients [Eq. (47)] are refined for the second iteration, etc., to
obtain an acceptable solution. For the first three iterations, the target
values are �P1 � �P2 � 0 and further

�P1 ��P
1�tf�; �P2 ��P
2�tf� (50)

where P
1�tf� and P
2�tf� are the terminal values from the previous
iteration.

The optimization results for six iterations are given in Table 2. The

last column of the table is the final eccentricity ef �
������������������
P2
1 
 P2

2

p
. The

full solution requires �1:5 min of computation time using a
MATLAB implementation on a Pentium IV processor (3.0 GHz).

The optimal thrust directions for each segment and orbit transfer
trajectory are shown in Fig. 14.

For comparison, examples of results using two other methods are
also presented in the last two rows of Table 2. The first is the solution
using an indirect method based on the classical two-point boundary-
value problem [1]. The second is use of a direct method based on
genetic algorithms [23]. It is shown that the final results are almost
coincident.

V. Conclusions

In this paper, a new concept of pseudocontrol sets to solve optimal
control problems is proposed. The approach is based on discretizing
the system motion on small segments, and the key idea is an
application of the control space discrete approximation by a set of
pseudocontrol vectors for each segment. Another feature of the
approach is a significant increase in the number of the decision
variables by introducing artificial variables or pseudovariables, but at
the same time, it permits a transformation of the optimal control
problem into a classical linear programming form. The proposed
technique provides flexible possibilities for optimal control problem
with various constraints including interior-point constraints. Use of
this method for a wider range of nonlinear problems should be
investigated.

Appendix A: Postprocessing Algorithm
for Scalar Control Function

Suppose that the same pseudocontrol sets (u�j�, j� 1; k) are for
each segment. As input data, a n � k vector of linear programming
solution X is used. Additional variables are listed in Table A1.

A postprocessing algorithm is found in Fig. A1.

Table A1 Variable definitions

Variable Definition

NumVar Number of current decision variable
NumValSeg Number of the nonzero variables for current segment
TolSol Tolerance for choice of the nonzero variables (�10�3–10�5)
magX Summary magnitude of the nonzero decision variables at

arbitrary segment
jPrev Index of previous nonzero variable
Cont(i) Control at each segment, j� 1; n

Fig. 14 Near-optimal Earth-to-Mars transfer.

Fig. A1 Postprocessing algorithm.
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